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Abstract
In this work we make an attempt to understand social networks from a mathematical viewpoint. In the first instance we
consider a network where each node representing an individual can connect with a neighbouring node with a certain probability
along with connecting with individuals who are friends of friends. We find that above a particular value of a chosen combination
of parameters, the probability of connection between two widely separated nodes is a scale free. We next consider a simplified
case of online social media networks in which each individual adds at a friends at constant probability per unit time: friends
from a suggested neighbourhood as well as from his/her friendlist. We find that in the limit of large times since formation
of the network, the probability of connection between two widely separated individuals is a scale free quantity. We hence,
demonstrate a different scale free facet of networks not discussed before in literature.
The preliminary work on graphs was the work of ran-
dom graphs by Erdos and Renyi [1]. Their work involved
working out quantities such as degrees of connectivity for
a graph where nodes had a particular probability of con-
necting. It is seen that many real world networks such as
biological, citation, economic [2]-[5] and world wide web
show scale free behavior in their degree of connectivity
[6]. Barabasi et al [6],[7] proposed a model where a new
node connects with an already present node with a proba-
bility proportional to its degree of connectivity, produced
a scale invariant degree distribution. The DMS model [8]
is based on the preferential attachment model of [6],[7]
where an additional parameter of initial attractiveness is
considered. The question that arises if whether scale free
behavior of degree of connectivity is the only scale free
behavior possible in networks or there are other scale free
behaviors possible.
In the large case of networks that are social networks
we have networks growing/forming because of contacts.
An individual will in general get to know other individual
through other individuals in addition to knowing individ-
uals in their own neighbourhood. In this work we make
an attempt to understand such networks through simpli-
fied modeling. When we look at networks which represent
the connectivity of individuals in a town, an individual
would in principle know people in his neighbourhood and
from years living in the town get to know people through
other people in his network. We analyze this problem
through a simplified model in first part of the paper. We
show that above a particular value of a chosen combi-
nation of parameters, the probability of connection be-
tween two individuals living distances apart is scale free.
With the advent of the internet social networking has
become a big phenomena. Any social network like face-
book, linkedin etc, grows through individuals connecting
to connections of people in their network. We make an
attempt to study growing networks through simplified
modeling in the second half of the paper. We find that in
the limits of large time since formation of the network the
probability of connections between widely sepearted indi-
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viduals (defined in the paper) is scale free, irrespective of
the choice of parameters used to define the mathematical
model. We hence are led to a different aspect of scale free
properties of a network the one involving the probability
of connectivity itself.
Let us first consider social networks. These networks
are made up of individuals whom we represent as nodes
on a graph and we say two nodes are connected if the
individuals representing the nodes are friends with each
other. This graph obviously will exist in two dimensions,
because individuals are on the two dimensional surface
of the earth. However without loss of generality let us
say that this graph exists in D dimension. Let these
graphs exist in dimensions with nodes of graphs as lat-
tice points. The co-ordinate of a node is represented by
a vector ~x = miˆ + njˆ + .. where m,n... are integers.
Let a sphere of radius l lattice points surrounding a in-
dividual be the neighbours of a individual. These are
people he/she connect to, without needing a friend to
introduce him/her to them. In the real world an individ-
ual could go out of the radius l for work etc and make
connections there also. However we do not consider such
complexity here. In addition to connecting with neigh-
bours an individual could connect to another individual
through contacts. Let elements of matrix A~x,~x′ represent
the probability of having a connection between nodes ~x
and ~x′. We have
A~x,~x′ = [kg(2)A
2 + kg(3)A3....]~x,~x′ + J∆~x,~x′
(1)
Here ∆~x,~x′ = 1 if |~x − ~x′| < l if or zero otherwise,
represents a possibilty of a connection happening be-
tween nodes ~x and ~x′ as long as they are neighbours.
This represents the probability of someone knowing peo-
ple in his/her neighbourhood with probability J . The
[kg(2)A2 +kg(3)A3....]~x,~x′ represents the probability of a
connection happening if ~x and ~x′ are connected through
one node, or two nodes or three nodes etc. with g being
a monotonically decreasing function. To elaborate, if we
are looking at two nodes ~x, ~x′ connected to each other
through a particular combination of n nodes ~x1, ~x... ~xn,
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out of many realizations of the network , a fraction kg(n)
of them will have the nodes ~x, ~x′ connected to each other.
The fraction of network realizations where ~x, ~x′ are con-
nected to each other through a particular combination of
n nodes ~x1, ~x2... ~xn is simply A~x, ~x1A ~x1, ~x2 ....A ~xn, ~x′ . Hence
fraction of network realizations where ~x, ~x′ are connected
is given by Eq.1.
In realistic situations, an individual would only be in-
troduced by a common friend, instead of knowing some-
one because of being a friend of a friend of a friend etc.
Hence we have
A~x,~x′ = kA
2
~x,~x′ + J∆~x,~x′
(2)
To represent this in operator language define a state as
|~x〉. The operator equation describing equation above is
then
A = kA2 + J∆
(3)
Solving for operator A gives
A =
−1±√1− kJ∆
2k
=
1
2k
[−1± 1±
∑
n=1,..
( 1
2
n
)
(−1)n(kJ)n∆n]
(4)
This implies that
A~x,~x′ =
1
2k
[
∑
n=1,..
( 1
2
n
)
(−1)n+1(kJ)n〈~x′|∆n|~x〉]
(5)
The − of ± is chosen so that A~x,~x′ > 0. If we write
H = (
∑
~y,~y′:|~y−~y′|<l
σ~yσ~y′)
(6)
where σ’s take values ±1, then
〈~x′|∆n|~x〉 =
∑
{σ}
σ~xσ~x′H
n
(7)
or
A~x,~x′ =
∑
{σ}
σ~xσ~x′
1
2k
[
∑
n=1,..
( 1
2
n
)
(−1)n+1(kJ)nHn]
>
∑
{σ}
σ~xσ~x′
1
2k
[
∑
n=1,..
1
2nn!
(kJ)nHn]
=
1
2k
[
∑
{σ}
σ~xσ~x′e
kJH/2/Z −
∑
{σ}
σ~xe
kJH/2
∑
{σ}
σ~x′e
kJH/2/Z2]
(8)
where Z =
∑
{σ} e
kJH/2. We know that the first term
on the RHS goes as e
−λ|~x− ~x′|
|~x−~x′|η for large values of |~x− ~x′|.
There exist critical values of kJ for which λ = 0. Because
of the inequality in equation above, it implies that for kJ
even above the critical value A~x,~x′ ∼ 1|~x−~x′|η , as increased
values of k and/or J translate in to an obviously higher
probability of two nodes connecting. What we hence see
that beyond kJ above the critical value the probability of
connection between widely seperated nodes is scale free.
We next consider networking that may happen over so-
cial media, for example through websites like Facebook,
Linkedin etc. To lead to a workable model mathemati-
cally, we make many assumptions. We first assume that
the network represented by a lattice grows starting from
a single individual/lattice point at time t = 0 and a grow-
ing sphere of nodes getting added, such that the radius
increases at a unit rate. Next, we assume that an in-
dividual will have a constant probability per unit time
of choosing friends from a neighbourhood made up of a
sphere of radius l around him. The neighbourhood in the
present case is defined by the website as options for the
individual to choose from a section of friends. If we are
assuming that the network is growing by people in one
region of surface of the earth advertise it to the neigh-
bouring region, then we could assume that the website
simply suggests people who were around neighbouring re-
gions. In such a case we could say a neighbourhood of a
node is all nodes within a radius of l lattice point. Also,
there will be a constant probability per unit time of an
individual making connections with friends of friends in
his friendlist. In this case the rate at which the prob-
ability A~x,~x′ of nodes ~x,
~x′connecting changes could be
written as,
A~x,~x′(t+ dt) = A~x,~x′(t) + (1−A~x,~x′)[[kA2]~x,~x′
+J∆~x,~x′ ] if |~x|, |~x′| < t
A~x,~x′(t+ dt) = A~x,~x′(t) = 0 if |~x|, |~x′| ≥ t
(9)
Where in the top equation, the first term on the RHS
represents there was already a connection between ~x, ~x′
2
at time t. The second term on RHS represents connec-
tions happening during time interval [t, t+dt]in case there
were no connections before. The form [kA2]~x,~x′ repre-
sents connections happening because of individuals find-
ing friends through a friends friendlist. While the J∆~x,~x′
represents connection happening with neigbours. The
second equation coupled with the first represents a node
added at a rate of one node per unit time. Hence,
dA~x,~x′
dt
= [kA2]~x,~x′ + J∆~x,~x′ if |~x|, |~x′| < t
dA~x,~x′
dt
= 0 if |~x|, |~x′| ≥ t
(10)
The operator equations we will be working with then are
dA
dt
= [kA2] + J∆ if |~x|, |~x′| < t
dA
dt
= 0 if |~x|, |~x′| ≥ t
(11)
The |~x|, |~x′| < t, |~x|, |~x′| > t, are a reminder that expec-
tation values with respect to corresponding kets |~x〉, |~x′〉
would be taken in the future. Solving the operator equa-
tions gives
A =
√
∆
√
J tan
(√
∆
√
J
√
k(t−Gof(|~x|, |~x′|)
)
√
k
if |~x|, |~x′| < t
A = 0 if |~x|, |~x′| ≥ t
(12)
where Gof(|~x|, ~x′) implies larger of the two. Or, with
B2n defining the Bernoulli numbers
A~x,~x′
=
∑
n=1,..
∑
{σ}
σ~xσ~x′
(−1)n−12n(2n − 1)B2n(kJ)n(t−Gof(|~x|, |~x′|))2nHn
(2n)!
if |~x|, |~x′| < t
>
∑
n=1,..
∑
{σ}
σ~xσ~x′
(kJ)n(t−Gof(|~x|, |~x′|))2nHn
(2n)!
if |~x|, |~x′| < t
=
∑
{σ}
σ~xσ~x′e
(t−Gof(|~x|,|~x′|)√kJH −
∑
n=1,..
∑
{σ}
σ~xσ~x′
(kJ)n+1/2(t−Gof(|~x|, |~x′|))2n+1Hn+1/2
(2n+ 1)!
if |~x|, |~x′| < t
A~x,~x′ = 0 if |~x|, |~x′| ≥ t
(13)
with
H =
∑
~y,~y′:|~y−~y′|<l
σ~yσ~y′ (14)
where as before σ’s take values ±1. We again
see that for certain values of (t − Gof(|~x|, |~x′|)√kJ ,∑
{σ} σ~xσ~x′e
(t−Gof(|~x|,|~x′|)√kJH ∼ 1|~x−~x′|η , implying
A~x,~x′ ∼ 1|~x−~x′|η for large values of |~x − ~x′|. Let us say
one of this critical values is λc, then what we see is that
if there exists a node ~x such that (t−|~x|)√kJ = λc, then
for all nodes ~x′ that came into the network before ~x and
are quite far away, we have A~x,~x′ is scale free. Since A~x,~x′
can only increase in time, this implies for larger values
of time it will still be scale free. This implies that in the
limit t→∞ , A~x,~x′ is scale invariant for any ~x, ~x′ as long
as they are well seperated.
What we have shown in this paper is that scale free be-
havior is possible in social networks. However unlike the
case of Barabasi networks, the scale free behavior is at
the level of the probability of connection between largely
separated nodes. It would be interesting to see how this
scale free behavior persists when added complications to
the mathematical models above are considered. For ex-
ample in the first example we could consider the case
that an individual makes friends getting out of his neigh-
bourhood by going to work in a different neighbourhood.
Would the scale free behavior still persist. In the case of
growing networks it would similarly be of interest to see
if scale free behavior persists when we do not restrict the
condition that networks are growing by neighbourhoods
3
adding neighbourhoods on the surface of the earth as in
the case of professional social networks where networks
grow on the basis of people adding people with same job
profiles etc.
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